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Abstract

The aim of this paper is to introduce the notion of a coupled fixed point result on
complex partial b-metric space under contractive conditions. We furnish an example to
validate the main theorem.
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1 Introduction

Fixed point theory is a useful in many branches of research in Mathematical science. Many
branches of Pure and applied Mathematics the Banach contraction principle plays a major
role is solving problems in this area. Azam et al.[5] introduced the new concept of complex
valued metric space and he established many fixed point results. P.Dhivya and M.Marudai
[6] obtained some new notion of complex partial metric and established the existence of
common fixed point theorems satisfying a contractive condition of rational expression on a
ordered complex partial metric space. Bhaskar, Lakshmikantham [10] and Ciri,
Lakshmikantham [11] studied the existence and uniqueness of a coupled fixed point theorems
on partially ordered metric space. Hassen Aydi [1] introduced coupled fixed point theorems
and proved some coupled fixed point results for mapping satisfying different contraction
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condition on complete partial metric space. Recently, M. Gunaseelan [12] established some
fixed point theorem by generating the contractive conditions in the context of complex partial
b-metric space. The aim of this manuscript is to study the existence and uniqueness of
coupled fixed point theorem on complex b-metric space under contractive condition.

2 Preliminaries

Let C be the set of complex numbers and 4,, 4, € C. Define a partial order < on C as
follows:

A4, = 2, ifand only if Re(4,)<Re(,) and Im(4,)<Im(4,) .

Consequently, one can infer that 4, < A, if one of the following conditions is satisfied:

i. Re(4,)
i. Re(4,)
iii. Re(4)<
iv. Re(4,)=Re

In particular, we will write 4,5 A, if 4, # 4, and one of (i), (ii) and (iii) is satisfied and we
will write 4, © 4, if only (iii) is satisfied. Notice that

a) If 0< 4,5 4,, then |4,]<|4,],
b) If 4,< 4, and 4,< 4, then 4, 4,.
c) If abeR and a<b then ai,<bA, forall 1eC.

Definition 2.1. A complex partial b-metric on a non-void set X is a function
Gy - X X X > C*such that forall 4, 1, x,ve X.

i, 0<¢,(4A)<¢c, (1, 2) (smallself-distance)
i, (A s)=ce(1, 1) (symmetry)
i, (4 A)=c0 (A )= 6o (1t 1) & 2= 1 (equality)
iv. 3 areal number s>1 such that ¢, (4, )< 8[g, (4, )+ ¢ (10, 12)] = 6 (i, %)
(triangularity).
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A complex partial b-metric space is a pair (X,¢,,) such that X is a non-void set and ¢, is
complex partial b-metric on X . The number sis called coefficient of (X, ¢, ).

Remark 2.1. In a complex partial b-metric space (X,¢,,) is A,z X and ¢ (1, 1)=0,
then A = u, but the converse may not be true.

Remark 2.2. It is clear that every complex partial metric space is a complex partial b-
metric space with coefficient s=1 and every complex valued b-metric is a complex partial b-
metric space with the same coefficient and zero self-distance. However, the converse of this
fact need not hold.

Now, we define Cauchy sequence and convergent sequence in complex partial b-metric
spaces.

Definition 2.2. [10] Let (X,c,,) be a complex partial b-metric space with coefficient s.
Let {1, } be any sequencein X and 1€ X . Then

i.  The sequence {4, ] is said to be convergent with respect to 7, and converges to A,
if lim cow(A A)=cy (1, 2).
ii.  The sequence {1} is said to be Cauchy sequence in (X,¢,,) if 1im 4 (2,,2,)
exists and is finite. |
iii. (X : gcb) is said to be a complete complex partial b-metric space if for every Cauchy

sequence {1,} in X there exist Ae X such that lim ¢, (4,4, )=lim¢c,(4,,1)

=gcb (ﬂ,,/i)
iv. A mapping £: X x X — X is said to be continuous at A, € X if for every £>0,
there exists @ >0 such that £(B_, (4,, ))<= B_, (£(2,,€)).

cb

n

Let X be a complex partial b-metric space and B < X . A point A€ X is called an interior
of set B, if there exists 0<re C suchthat B_ (4,r)={ue X 14 (4 u)<cy(2,4)+r}cB

. A subset B is called open, if each point of B is an interior point of B. A point A€ X is
said to be a limit point of B, forevery 0<re C,B_ (1,r)n(B—1{1})=¢. Asubset B c X

is called closed, B, for contains all its limit points.
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Lemma 2.3. [5] Let (X, ) be complex partial b-metric space. A sequence {4,} is
Cauchy sequence in the CPBMS (X, ¢,, ) then {2, } is Cauchy in a metric space (X, ¢, ).

Definition 2.3.  Let (X,g, ) be a complex partial b-metric space (CPBMS). Then an

element (/1, K)e X x X is said to be a coupled fixed point of the mapping &: X x X — X if
&, k)= and &k, 1)=«.

3 Main Results

Theorem 3.1. Let (X,gcb) be complex partial b-metric space. Suppose that the mapping
&1 X xX — X satisfies the following contractive condition for all A, i, x,v e X

gcb(f(l,,u), 65(’(1 V))S ‘ZGcb(ﬂ' K)+ﬂ§cb(ﬂ1v) '

where «,f are nonnegative constant with a + £ <1. Then, & has a unique coupled fixed
point.

Proof. Choose A,, 1, € X and set 1, =&(4y, 1) and 1, = E(uey, A,).
Continuing this process, set A, =&(4,, 1, ) and ., = &(u,, A, ).

Then,
gcb (ﬂ“n ! ﬁ’n+l): GCb( ‘f(ﬁ“n—l ’ :un—l) ! (:Z(/ln ! lun ) )

<fa gcb(ﬂn,l,/in)+ﬁ§cb(ﬂn4’ﬂn)a

which implies that

‘ gcb(ﬂ’n’ﬂ’m—l) ‘Sa ‘ gcb(ﬂ’n—l’ﬂ’n) ‘+,B ‘ gcb(:un—lhun)‘ , 1)

Similarly, one can prove that

| Soolttns ) |< | 6olttnsnsn) |+ B | 6ol ) | (2)

From (1) and (2), we get
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o] altsn) | |

)

| oo (s ) | +] S (bt #0,0) \S(OHﬂ)( | (01, 12,)

+ ‘ Seo (/,i’n—l ' /1n )

=p ( | o (ttna t2,)

where p=a + <1

Also,

‘ Q'cb(ﬂ’nﬂ’ﬂ’mz) ‘Sa ‘ gcb(//i’n’ﬂ’ml) ‘+ﬂ ‘ gcb(zun’/unﬂ) " (3)

| ot tina) | | ool ttns) [+ 8 | Goolttns ) |, @)

From (3) and (4), we get

‘ gcb(ﬂ’n+l’2’n+2) ‘+‘ gcb(/ln+l’:un+2) ‘ S(a"'ﬁ) ( ‘ gcb(:un':unﬂ) ""‘ gcb(/ln’/lnﬂ) ‘ j

=p ( | Ser (o tt0a) | +] 606 (s 20s) | j

Repeating this way, we get

)

<P (| swltarsins) [ 4] 6altaaizas) | )

+ ‘ Seo (ﬂ’n—l ! ﬂ’n )

| SR dnn) || Gaolttns ) \Sp( | oo (ttn s 1t,)

<o 20" (| alitorsa) [+] 6l i) | ).

NOW’ If ‘ gcb(ﬁ“ni/lml) ‘_'_‘ gcb(/unhuml) ‘Zé‘n ! then
S, < pS, < p°S, , Seene < po,. (5)

n-1 —

If 5, =0 then ‘ Seo(os ) ""‘ Seo o 14) ‘:O . Hence 2, =24 =&, 1) and g1 = 11
= &(14, 4,), Which implies that (1, 1, ) is a coupled fixed point of ¢&.

Let 6, > 0. For each n>m, we have
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gcb (ﬂ’n ! ﬂ’m ) <s [gcb (ﬂ’n ’ j’n—1 ) + gcb (ﬂ’n—l ' ﬂ’n—Z )] - gcb (ﬂ’n—v /’i’n—l)
<S ? [GCb (ﬂ‘n—z ! ﬂ’n—S )+ GCb (;’“n—B ! ﬂ“n—4 )] - GCb (ﬂ“n—s ! ﬂ“n—B )

Seeee <S$ " [gcb (ﬂ’n—z ’ j’n—3 ) + gcb (ﬂ’n—S ! ﬂ’n—A )] - gcb (ﬂ“ j’m+1 )

m+1?

<Ss gcb(in’j’n—l)_'_SZ gcb(/ln—l’in—z)-i_ """ +Sm gcb(ﬂ‘ j’ )

m+17 “*m

which implies that

‘ gcb(ﬂ“n’ﬂ“m) ‘SS ‘ gcb(ﬂ“n’)“n—l)

"‘Sz‘ Seo o1 An2) "" """ +s"

gcb(ﬁ'mﬂ’ﬁ'm) "

Similarly, one can prove that

| enlttnttn) | <5 | ooty )

57| Gup (a1t o) [ S

Q.cb (/um+1 » Hin )

Thus,

‘ Seb (ﬂ’n ’ ﬂ“m )

+‘ gcb(:un’/um) < 55n71+825n72 R +Sm5

< [S,o”"1 +82p" Smpm]50

<% 5 50 now.
1-sp

which implies that {1} and {,} are Cauchy sequence in (X,¢,,). Since the partial b-metric
space (X,c,) is complete, there exists A,ue X such that {4 }—> A1 and {u,}—>u as

n— o and GCb(/l’;t):“mgcb(l’ln): Ilm gcb(ﬂ“mﬂ“m)zo’ GCb(:uHu):"mgcb(/uhun): Ilm
Soo bty 4y )=0.

Now we have to prove that 1 =&(4, 1). We suppose on the contrary that A= &(A, ) and
p# E(u,2) so that 0 <6, (4, 6(2 ) = o and 0 < g1, £(,2) = @, then

& = G4 5 1)) < G (A A )4 G (A, £, 1))
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= gcb (ﬂ“’ ﬂ‘n+1)+ gcb (‘f(ﬁ’n ! :un )’ 5(/1’ /J))
Sgcb(ﬂ”/lml)—l—a gcb(}“n’ﬂ“)—i_ﬂ gcb(:unuu)
which implies that

|a1|£‘ gcb(ﬂ”ﬂ‘ml) ‘Jra ‘ gcb(ﬁ“n’ﬂ’) ‘—i_ﬂ ‘ GCb(/’lnwu)‘

As n — o, || <0. Which is a contradiction, therefore ‘ ¢4, E(1, 1)) ‘ =0

= A =&(4,u). Similarly we can prove that g =&(u, 1). Thus (4, z) is a coupled fixed

point of £. Now, if (u,v) is another coupled fixed point of &, then

Son( A1) = 6o (E(4, 1) E(U V) S @ 64 (A,U)+ B 6 (11,V),

Thus,
A <i 6
gcb( 'u)—l gcb(/u’v) (6)
24
which implies that
| st | <22 culuy)| ™
-
Similarly,
| culuv) [ (i) ®)
24

From (9) and (8), we get

| ) [+ ) [ 2 | ) [+] saliav) | )

(1-%)( | o)+ goleev) | )so

-
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Since a + S <1, this implies that ‘ N AT) M o (11,V) ‘ <0. Therefore A =uand
pu=v = (u)=(v).
Thus, & has a unique coupled fixed point.

Corollary 3.2. Let (X,c,,) be a complete complex partial b-metric space. Suppose that the
mapping &: X x X — X satisfies the following contractive condition for all A, i, x,v € X

Soo(E(A 1), E(r, V) < = (60 (A, ) + 60 (11, v)), ©)

AR

where 0<a <1. Then, £ has a unique coupled fixed point.

Example 3.3. Let X =[0,0) endowed with the usual complex partial b-metric ¢, : X x X
—[0,00) defined by ¢(4,u)=[max{, u}]?(L+i). The complex partial b-metric space

(X,c,) is complete because (X,géb) is complete with coefficient s=1. Indeed, for any
A, Kke X,

S = 260 ) = 6op (A A) = 6 (i, )
= 2[max {2, u}f @+i)= (A +i1) - (u+iu)
=i 2l
Thus, (X,gcb) is the Euclidean complex metric space which is complete. Consider the

mapping &£: X x X — X defined by 5(2,/1)=22+—4/J. Forany A, i, x,v e X we have

culbt ) e0v) = lmaxd o, wevfe)
< 2—14 [max {4, u}+ max{u, v}]* (L +i)

_ 2—14[gcb (A.U)+ e (12.V)]
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which is the contractive condition (9) for a:é. Therefore, by Corollary 3.2, £ has a
unique coupled fixed point, which is (0,0). Note that if the mapping £: X x X — X is given

by 5(/1,;1): i;” , then & satisfies the contractive condition (9) for « =1 that, is,

o) 5V =S lmacie e, uevffasi)

s%[max{l,u}+ max iz VI L+ )

:%[gcb(ﬂ“’u)_'_gcb(/u’v)]

In this case, (0,0) and (11) are both coupled fixed points of &, and hence the coupled fixed
point of & is not unique. This shows that the condition « <1 in Corollary 3.2, and hence
a+ <1 in Theorem 2.1 cannot be omitted in the statement of the aforesaid results.

References

[1] Hassen Aydi, “Some Coupled fixed point results on partial metric spaces”, International
Journal of Mathematics and Mathematics Sciences, Volume 2011, Article ID 647091, 11
pages.

[2] J. Uma Maheswari, M. Ravichandran, and A. Anbarasan, “Some Results on Coupled
Fixed Theorems in Complex Partial b-Metric Space Using Contractive Conditions”, (In
press)

[3] I.LA.Bakhtin, “The contraction mapping principle in quasi-metric spaces”, Functional
Analysis, vol.30, pp.26-37, 1989(Russian)

[4] S.Czerwick, “Contraction mapping in b-metric spaces”, Acta Mathematica et Informatica
Universitis Ostraviensis, vol.1, pp5-11, 1993.

[5] A.Azam B.Fisher and M.Khan, “Common fixed point theorems in complex valued metric
spaces”, Numer. Funct.Anal.Optim.32(3), (2011) 243-253.

[6] P.Dhivya and M.Marudai, “Common fixed point theorems for mappings satisfying a
contraction of rational expression on a ordered complex partial metric space”, Cogent
Mathematics (2017), 4:1389622.

Page | 316 www.junikhyat.com Copyright ® 2020 Authors



Juni Khyat ISSN: 2278-4632
(UGC Care Group I Listed Journal) Vol-10 Issue-5 No. 14 May 2020

[71 J. Uma Maheswari, M. Ravichandran and A. Anbarasan, “Fixed Point Theorems of
Generalized (‘P,Q))S — Rational Contractive Mappings in Ordered Complex Valued Quasi b-

Metric Spaces With Application”, (In press).

[8] J. Uma Maheswari, M. Ravichandran and A. Anbarasan, “A new common fixed point
result for generalized two weakly compatible self-mappings in cone b-metric spaces”,
Alochana Chakra Journal, Volume IX, Issue 1V, April/2020, pp:4464-4472, 2020.

[9] LAltun, F.Sola and H.Simsek, “Generalized contractions on partial metric space”,
Topology and Its Applications, vol.157, no. 18, pp. 2778-2785, 2010.

[10] T. Gnana Bhaskar and V.Lakshmikantham, “Fixed point theorems in partially ordered
netric spaces and applications”, vol.65, no. 7, pp.1379-1393, 2006.

[11] Ciri and V.Lakshmikantham, “Coupled fixed point theorems for nonlinear contractions
in partially ordered metric spaces and applications”, Nonlinear Analysis: Theory, Methods
and Applications, vol.70, no. 12, pp. 4341-4349, 2009.

[12] M.Gunaseelan, “Generalized Fixed Point Theorems on Complex partial b-metric space”,
International Journal of Research and Analytical Reviews, vol.6, issue 2, pp. 6211-6251,
2019.

[13] Ansari AH, Jocab GK, Chellapillai D. "C-class Functions and Pair (F,h) class on
common best proximity c- contraction mappings”, Filomat. 1;31(11):3459-71 Jan (2017).

[14] J. Uma Maheswari, and A. Anbarasan, “Banach fixed point theorem for contraction

mapping principle in a cone b-pentagnal metric spaces,” International journal of Mathematics
Trends and Technology, ISSN 2349-5758 volume 37 number 4 September 2016 pp.11-20.

Page | 317 www.junikhyat.com Copyright ® 2020 Authors



