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Abstract: In this paper, we have derived some identities of the Rogers-Ramanujan-Slater’s Type by using
some Series Transformations most of which are available in Ramanujan’s lost notebooks. These
transformations can also be derived as limiting cases of transformation between basic hyper geometric
series and are also available in the current work of D. Bowman, J. McLaughlin and A. V. Sills. We derive
such identities related to modulo 4, 5, 6, 8, 10, 12, 20 and 30 from these transformations with
incorporation of some results from the famous list of 130 identities of Lucy Slater and few Entries from
Ramanujan’s Lost notebook.
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Introduction: The following two Identities, namely for |g|<1
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where(q; @)n=ITj=1(1 — 4’), (@ D)o=I1}=1(1 — @’),

are the most famous “Series =Product” identities called Rogers-Ramanujan Identity which have
motivated extensive research over the past hundred years. There are numerous identities in the literature
that are similar to Rogers-Ramanujan Type Identities. Many eminent mathematicians like Rogers, G. E.
Andrews and B. C. Berndt [4], W. N. Bailey [10], D. Bowman, J. McLaughlin and A.V. Sills [1] have
contributed a lot in this field. Of special note, the work of Lucy Slater has also to be mentioned. The 1952
paper [8] of Lucy Slater contains a list of 130 such famous identities many of them are new. The present
study basically attempts to derive some more identities of Rogers-Ramanujan-Slater Type by correlating
some identities from Lucy Slater famous list [8] analytically with some transformations between basic

hyper geometric series.
Definitions and notations:

For |g|<1, the g-shifted factorial is defined by

(a59)o =1

(& @) = [TFZ5(1 — ag®), for n>1
and (a;q)e = [T7=1(1 — ag®).
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It follows that  (a; @) @D

The multiple g-shifted factorial is defined by

(83,87,00081:0), =(@4301), (@23 01), - (ami0),

(83,87, 8;0),, =(@0:01),, (323 01) . (@3 0)...

The Basic Hyper geometric Series is

n(n-1)r
b [al,az, ....... ,ap+l;q;x]:i(al;q)n(az;q)n....(ap+l;q)nX”(1)nrq 2
bl W T TN = (3:9),(bs:q),(bs;9), .. (pr;q)n

(1.1)

The series |O+1(I),D+rconverges for all positive integers r and for all x. For r=0 it converges only when |x|<1.

Ramanujan’s Theta function: Ramanujan’s Theta function ([4], P.11, Eq. (1.1.5)) is defined as

f(a b) = Yo, an+D/2pn(=1/2 for |abl<1. (1.2)

The following special cases of f (a, b) arise so often that they were given their own notation by
Ramanujan ([4], P.11):

o(q) = f (.9
Y(@) =/ (q.9°)
f (=)= f(=q,—q%)

Jacobi’s triple product identity:( See [7], P.2, Eq. (1.1.7)

For [ab| < 1, £ (a, b) =(—a, —b, ab; ab) o, (1.3)

An immediate corollary ([7], P-2, Eq. (1.1.8), (1.1.9), (1.1.10)) of this identity are the following:

f(=9)= (4 Do (1.4)
_ (@D

o(=0) = oo (1.5)
- (qziqz)oo

YD S (L6)

1. We proceed through someq —series identities and some general series transformations that can
be derived as the limiting case of transformations between basic hypergeometric series in this
section:

qn(n—l)/zzn

D-a)(a-qm)
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Proof of Identity (2.1):

Let f(2) = [ln=0(1 +2q™)

Then f(z) = (1 + 2) [I[5=1(1 + zg™)=(1 + 2) [[n=o(1 + zg™*1)
=(1 + 2) [Tin=of1 + (z)q™}=(1 + 2)f (2q)

Thus, f(2) = [Im=0(1 +2q™)=(1 + 2)f(2q)
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(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

Now in expanded form if we writef (z) = Y0 A, (q)z™, where the coefficients depends on g, then in

view of the result (2.9), we have
[ =1+2) ) A(@a7"
n=0

= =0 An(@)q" 2"+ E0=0 An(@)q" 2™
= Xm0 An(Q)q 2 X0 An 1 (@™ 2"
Hence we obtain the following recurrence relation:

An(q) = ann(CI) + qn_lAn—l(Q)1 Ao(CI) =1

n-—1 2

_a"t —_ 4" hq"”
:An (q)_l_qn An—l (q)_(l_qn)(l_qn—l)

n(n-1)/2

An—z(CI)a nz= 2

_ q
Thus, An (Q)_(l_q)(l_qZ)(l—qn)

qn(n—l)/zzn

[ee] my — o n — oo
Therefore, [Tm=o(1 +2q™) = Xnzo An(D)2" = Xm0 =5 "o e

Proof of Identity (2.2):
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. 1 _ 1 1) 1
Let us take g(z) = Hm:O—(l_qu) - Enmﬂ (1-zq™)

1 e 1 1
=1 Um=0am 15 9(20)

Hence (1 —2).9(2) = g(zq) (2.10)
Now in terms of series, let us consider

f(2) = Ym-o Bn(q@)z™ where the coefficients depends on g. Then in view of (2.10) it can
be written as

(1-2). i B, (q)z" = i By (q)q"z"
n=0 n=0

which can easily be simplified to

Y Bu@z" = ) Bua(@2" = ) Bu(@)a""
n=0 n=1 n=0

It yields the following recurrence:
q"Bn(q) = Bn(q) — Bn-1(q), Bo(q) =0
Hence Bu(@) = 1=-Bu-a(@), n21

_ 1
T - (1-q»)(1-q™)

It follows that

= 1 4 2 z"
[ la=m=9@= 2007 =) apa—ma—m

Proof of identities ((2.3) to (2.8)):The transformation (2.3) is a limiting case of g —analogue of
Kummer-Thomae-Whipple formula (see [2], page 72, equation 3.2.7).The transformation (2.4) is found in
Ramanujan’s lost Notebook [9] and a proof can be found in the recent book by Andrews and Berndt [4].
Equation (2.5) follows from (2.4) upon letting b — 0.The proof of (2.6), (2.7) and (2.8) can be found in
[6] and an alternative proof can be found in [1].

The transformations (2.1) and (2.2) yield the identities (2.1.1) to (2.1.4) upon some simple substitutions
of the parameters:

For instance, the identity (2.1) for z = q yields

qn(n+1)/2

Y=o = [Im=0(1+q¢™") = (=¢; Q)

CHM

(4:9) 0 f(=q)
= = 211
@D/ (6D ©(—q) ( )

which already appears in Slater’s list ([8], p.152, Eq. (2))
Replacing g by g?and then setting z = —q in (2.1) we get,
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N (_1)nqn2 - 2m+1
D =] [a-am
=\ S

= (q; %) (Appeared in Slater’s list ([8], p.152, Eq. (3))

_(@0H 0 (4:4%) w0 (4%
(@D

2.2
:% (2.1.2)

Replacing g by gZand then setting z = ¢ in (2.1) we get,

[o.0] qnz [o.0]
Z @aD. (1+¢*™) = (44w
n=o0 1T/ im0
_C49H w0 (447w _ (@%9w
(9% w0 (CHDPS

_(0%4M 0 (0% w0 (@9 w
(40 (3%9%) 0 (q%9%) 0

_a*4*a%a4N e
T (@D (21.3)

Finally setting g by g%and z = ¢/2 in (2.1) we get

o q(2n2—n)/2 had
Z—( 20D, (1+ Q*™*1), where Q = q*/?
n=0 9" )n m=0

=1+0Q0)(1+0Q>(A+0QH(1+0%).......

_ (@%0%0 _ (@%0%)e0(0%0%)0(Q%0%) w0
(@QNw (R0 (Q%0®)0(Q30®) 0

Now replacing Q = /2 and then after some simplification, we obtain the following identity:

@7%0De0 o0 422 (0,4%0%4De0
—— =y = 2.14
(@.4%9%0 “™=0 (a%q%)n (@D (2.1.4)
2. ldentities of Rogers-Ramanujan-Slater Type: In this section we have derived some identities of the
Rogers-Ramanujan-Slater Type by using the transformations (2.4) to (2.8) with various substitutions
of the parametersa, b,c,y,q € C,(|q] < 1), as involved and by incorporating few identities from Lucy
Slater’s famous list [8] of 130 identities of Rogers-Ramanujan Type and few entries given by
Ramanujan in his lost notebook.
3. ldentities related to modulo 4:
Setting a = —q, y = q in (2.5), we get
w (GQng™tV2_ O
Zn=0 (@:Dn =4 q)m'znzo(qz:qz)n (3.1.1)

On using the identity ([8], p.153, Eq. (7)) and ([8], p.153, Eq. (8)) respectively from Slater list in (3.1.1),
we can obtain the following two identities related to modulo 4, which already exists in the literature:

1 o (GO MY2_ (9,6%,9%9M w0
— = 3.1.2
(@)oo in=o (@GDn (@D oo ( )

Page | 32 Copyright @ 2023 Author



Juni Khyat ISSN: 2278-4632

(UGC Care Group I Listed Journal) Vol-13, Issue-05, No.04, May : 2023
nZ+n 3 4.4
o 4 — (49,970 )
ano(qz:qz)n_ (@D (3.1.3)

Taking g — g2 and then setting a = g2, ¥ = —q in (2.5), we get after some simplification, the following
equation:

1y ) 2n2+3n+1 qnen+1) 314
@ qz) [ o(=1)"q"™ + (q; 3D e T om] Y= o(q ——— (3.1.4)
Now upon using the identity ([8], p.153, Eq. (9)) from Slater list in (3.1.4), we get:

[ n 2 ganianel _ (-2-4°4%9Yw

@40 [Eroo(=1)"a" + (@ 4% Ziino (GDzn+1 (@D (3.1.5)

Identities related to modulo 6:

Taking ¢ — g2 and then replacing a = —q, b = —q? and y = q in the transformation (2.4), we get

w0  (—6aDna™ _ (4% (—1;g2) g™ "
" = - 3.1.6
Zin=0 @5aHn  (-9%0%)e0 L= 0 (-4;4?)n(a%a%)n ( )

Now comparing the equation (3.1.6) with the identity as appeared in Slater list ([8], p.154, Eq. (25)) viz,
(1-q¢*™) @:4)ng™
H(l _ q6n—3)2 (1- q6n) =[[——= (—qzn-1) Z?f:ow (3.1.7)

we can obtain the following identity, after some simplification:

(LaDad™ " _ (03433500
0" A
(= 4%) - X O -q:a9m@%aDn (@Deo (3.18)
Taking g — g2 and then replacing a = —q, b = q and y = q in the transformation (2.4), we get
o MY _ (630 vo D" @7 "
= - A
Ln=0 (@D2n (@©9%)e Ln=0 (=4:a*)n(a%a*)n (3.1.9)

Comparing (3.1.9) with the identity ([8], p.155, Eq. (29)) from Slater List, the following identity can be
obtained:

2. .2 w0 (D" (@qD)n q™ _ (-4*-4*4%4%
(@% 4 eo no (~4:9*)n(@%0%)n (-9 (3.1.10)
Again, Taking g — g2 and then replacing a = —q?, b = q3 and y = ¢2 in the transformation (2.4), we
get

2
o (-4%4*)nq" ™Y _ (=q%9H) o o (—D)™(@:9%)nq™ 2"
n=0 n=0

@%an@%a®)n (@30Dw (=9%4*)n(@?%:9%)n

which, after some simplification, reduces to

(=420 oo (~DM@q)ng™ T2 o (=4%q*)nq™™D
=y ~ T2 ont 3.1.11
CH DS Zin=o (—=a%9)n(a%:9%)n n=0 (@D 2n+1 ( )

On comparing the equation (3.1.11) with the identity as appeared in (Ramanujan [10, Ent. 4.2.13], p. 88),
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We get,
(0%58%0 voo  CDM@aDna™ 2 _ f(0.4%)
(@:9%e0  Zin=0 (@4  o(-9%) (3.1.12)

Hence, finally, we reach to the identity (3.1.13) after using (1.4) and (1.5):

(6D <o (~DMGADA™ 2" _(-4,-54%0%00
Ca4Do g - 3.1.13
(@©9%) Lin=o @*q9*)n (CH ( )

Identities related to modulo 8: From the transformation (2.5), the following identities related to modulo
8 have been derived as follows:

Forg —» q%,a = —q, ¥ = q% in (2.5), it gives:

qzn(n+1) _ (q'q7’q8’.q8)°o

n+1@%9%)n a (CHP (3114)

(Using ([8], p.155, Eq. (34)) from Slater list)

(_q; Q)oo Zn:O (-a;q

Forq —» g%, a = —q, y = q in (2.5), it gives:
il _ (@%454%4%)w
90@%09n (@D (3.1.15)

(Using ([8], p.155, Eq. (36)) from Slater list)

(=4 @)oo Ln=o

Forg -» q%*,a =q, y = —¢® in (2.5), it gives:

(~GDoo w0 (—DM@Ga2)nd™ *2" _ (0,07,4%50%) 00
— )= = A1
(@©:9%) 0 =0 @%a5n (@90 (3.1.16)

(Using ([8], p.155, Eq. (38)) from Slater list)
Forq —» q%,a =q, y = —q in (2.5), it gives:

1 w0 EOMTGID™ _ (—0%-3%3%0%)w
> = 3.1.17
(4:9%)c0 in=0 (a%4%)n (@%0%) oo ( )

(Using ([8], p-156, Eq. (39)) from Slater list)

Identities related to modulo 10:

Settingy = g3 in (2.6) and incorporating ([8], p.156, Eq. (44)) from the Slater list, we get the following
identity on some simplification:

2n?+2n q(3n2+3n)/2

1 o 4 oo (ququqloiqlo)oo
— ) ———=) = 3.1.18
(@:9%) w0 in=o (q%:9°)n Xin=o (@:4®)n+1(@GDn (@:9) 0 ( )

Similarly, for y = q in (2.6) and using ([8], p.156, Eq. (46)) from the Slater list, we get

1 2n?

(@:9%) w0

o
Taking g — g2 and then setting b = 3, y = —q3 in (2.8), we get

(1-g)g™+2"
4*)n+1(a%:9*)n

q3n(n+1)

) —(—_pn3. 42 (o)
ano(q; =(—9°q )mznzo(qz;qz)n o (3.1.20)
Now, taking ¢ — q*/? in (3.1.20) and then using the identity ([8], p.156, Eq. (44)), we get the following

identity on some simplification:
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1 q(n +2n)/2 (qz‘qs‘qw;qw)oo
(1+4'/2)(=4%/%;0) 0 Ln= O @V%n(@On (@D oo (3.1.21)

Identities related to modulo 12:

For,g » q*,a=-1, b=qandy = q? in (2.4), we get

o (LA™ (=4%50De voo  CDM@IDn "
Zn=0 @D2n (@)oo Ln=0 (@%qn (3.1.22)
Using the Identity from Slater list ([8], p.156, Eq. (48)) in (3.1.22), we get the following identity related
to modulo 12:

2
(-4%9) yo ED™@9)n 0™ _(@%47,0%%4 ) e (@%.9".9*%;,9**) 0
n=0 -

(6:4%e0 (@%q)n (@D oo B (Do

Identities related to modulo 20:

(3.1.23)

Taking g = g% and b = —q, y = q in (2.8), and then using ([8], p.156, Eq. (46) after replacing g by g?),
the following identity can be obtained:

2
[ (-D"q" (@%,4*%,9%%9%%)
= 1.24
(@©:0%)e0 @ 2= 0 (-4:a®)n(a%a%)n (@:0) o0 € )

Forg —» g?and b =q, y = —q in (2.8), and using ([8], p.160, Eq. (79)) from Slater list, we get:

2

3n“-n 20 20)

q _(q%q%%q

(@)oo 2= 0 (a%a2n(@%ahn (@)oo (3.1.25)
Forqg - g?and b = q3, y = —q? in (2.8), the following identity can be
2
e 2. 2 - g3n-tan _ (@%47.0"%4" )0 (a%4'%0%%) 0
obtained:(—q~:q )mznzo(q“:q")n(q;qz)nn (@D (3.1.26)

(On using ([8], p.162, Eq. (94)) from Slater list)

Finally upon letting - g% and b = q, y = —q? in (2.8), and then using ([8], p.162, Eq. (99)) from Slater
list, we get the following:

3n?

2. 42 o q
(=% ano(q“:Q‘*)n(q;qz)n

_ (@%4°.9*%0™) 0 (4%,0* %% 0
- ol (3.1.27)

Identities related to modulo 30:
Fora=0, b =qY?andy = q in (2.4), we get

n(n+1)/2 (_q:q)oo
Zn 0 (ql/Z

yoo D" (3.1.28)
Dn(@Dn (ql/z;q)oo' n=0"(q2;q2), o

Now, taking g — g2 in (3.1.28) and then using ([8], p.162, Eq. (99)) from Slater list, we get the identity
related to modulo 30 as follows:

(-4%9%)w D™ _ (=a-0"74%%0% ) (=a7,-4**,4%%4*)

3.1.29
(@:0%)e0 Zm=0 (@%a"n (@90 (@90 ( )
For g » g% a=0,b=q3, y =q?in(2.4), we get the following identity after:
—n2.42 —_1\n n2+2n 11 _ 19 ,30.,30 —n1l _,429 ,30.,30
(q'Q)ooZ?loO(l)q _ (9497879 Do 3(20,7977,07 347 D (3.1.30)

(@*a*)n (@D (CHAP
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(On using ([8], p.162, Eq. (94)) from Slater list)

For g — g% and b = —q?, y = ¢3 in (2.8) and simplifying a few steps, we have

2 2 2
w (DM o o (CGAIn4a@® T _ o o  (C@aInt1q>" 2"
Zn=0 (g, = (4 )e =0 Gaigm) (g (4 4 e Lm=0™ (g, (3.1.31)
Now, upon using the identity ([8], p.162, Eq. (97)) from Slater list in (3.1.31), we obtain:
—_1\n n2+2n _ a5 _425 430.,30 _n3(—n3 _427430.,30
(qz:q‘*)mZ?{;O( D"q B Gl el T e D e Gl i S B MO (3.1.32)

@*a*)n (@%9%) oo
Finally for g —» g2 and b = q, y = —q in (2.8), the following identity can be obtained on using ([8],
p.162, Eq. (98)) from Slater list:

2_
g3 _ (—q4**-4%,0%%4* 0 —a%(—9*,—4%%,03) (3.1.33)

a®)n(@%aHn (@90

16
)

(_q: qz)oo Z?:O (q%;
Identities related to modulo 5:

Forg » g*anda =0, b = —q,y = q%, (2.4) yields

n2

o "™ (4%50Dw v 4
20 gt @ a0 210 @ (3.1.34)
which imply, upon using ([8], p.154, Eq. (20)), the following identity:
2 o qn(n+1) _ (q2,q3,q5;q5)°°
(=470 L=o (~4:4%n(@%9%n (@:D)o0 (3.1.35)

The transformation (2.6) for ¢ — q/? and y = /2 yield the following identity on some simplification
and by using ([8], p.153, Eq. (14)):

3n(n+1)/4

3/,. o q _ (@44*4%0%) 1
(q ) q)oo Zn:O (q3/2;q)n(q1/2;q1/2)n (49 oo (3 36)

Setting ¥ = q and then taking ¢ = ¢%/2 in (2.6) we get the following identity with the incorporation of
the Slaters identity ([8], p.154, Eq. (18)):

q (3n2 -n)/4

2 23 15.45
- @%4°.4%4)w (3.1.37)

1/2_ [e%)
(q ] q)oo Zn=0 (q1/2;q)n(q1/22q1/2)n ((I;q)oo

Conclusion: The methodology used in the present paper may be used to derive such more identities by
correlating some more transformations between basic hyper geometric series of this type or may be from
various entries given by Ramanujan in his lost notebooks. During the study, some dependency
phenomenon has been observed among the identities which have not brought under the purview of the
present study.
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